



















Implicit Regularization of Massless Theories
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We extend the Implicit Regularization (IR) technique, in which the divergent content of an amplitude
is displayed in terms of basic divergent integrals in the loop momenta, to massless infrared safe
theories at arbitrary loop order . It turns out that, order by order in perturbation theory, the
infrared cutoff at the level of propagators cancels out due to a subtle interplay between divergent
and finite parts of the amplitude. This mechanism gives as a byproduct the renormalization group
scale within IR. We illustrate the mechanism with the λ36 theory.
PACS numbers: 11.10.Gh, 11.15.Bt, 11.30.Qc
I. INTRODUCTION
Loop calculations in Quantum Field Theory
(QFT), an important tool to scrutinize the dynam-
ics of microscopic particles, still meet with several
problems inherent to the perturbative expansion.
The literature on QFT is rich in examples of results
whose physics is obscured by the specific way diver-
gent integrals are handled. In this context a physi-
cally appealing idea was proposed by R. Jackiw [1]
and mathematically implemented by the Implicit
Regularization technique (IR) as an alternative ap-
proach to such regularization dependent problems.
The basic idea behind IR is to assume implicitly
some (unspecified) regulating function as part of
the integrand of divergent amplitudes and to sep-
arate their regularization dependent from its finite
part. Then the symmetries of the model, renor-
malization or phenomenological requirements may
determine arbitrary parameters introduced by this
procedure [2]-[8].
The technique has been shown to be tailored to
treat theories with parity violating objects in in-
teger dimensions. This is the case of chiral and
topological field theories. The weak pion decay [4],
and the radiative generation of a Chern-Simons-
like term which violates Lorentz and CPT symme-
tries [4], [5] are examples where the technique was
successfully applied. Moreover the method was
shown to respect gauge invariance in both Abelian





culation of the β-function of the massless Wess-
Zumino model (to three loop order) was also per-
formed as a test of the procedure [8].
In view of these results a natural next step is to
investigate whether the method allows for a natu-
ral, systematic extension to infrared safe massless
theories, since it is usually problematic to treat in-
frared and ultraviolet divergences simultaneously
in perturbative calculations.
The purpose of the present work is to extend
IR, initially constructed to handle massive ultravi-
olet divergent theories, to massless ultraviolet di-
vergent theories. We will show that, due to a sub-
tle interplay between the ultraviolet divergent and
finite parts of the amplitudes, infrared divergences
systematically cancel. This is due to (regulariza-
tion independent) scale relations obbeyed by the
basic divergent integrals which can be derived for
any number of loops. In this process a Renormal-
ization Group scale is naturally introduced. We
use the φ36 theory as a working example.
Our presentation is organized as follows. In sec-
tion II we give an overview of IR. In particular we
derive a general parametrization of quadratically
and logarithmically divergent integrals and show
that a regularization free scale relation holds for
the latter. The process which leads to the cancel-
lation of the infrared divergence is explicitated in
a two point function. This is generalized for one
loop n-point functions in section III. Section IV
generalizes the results to higher loop orders. We
use φ36 theory as a working example.
II. IMPLICIT REGULARIZATION AND
HIDDEN PARAMETERS IN BASIC
DIVERGENT INTEGRALS
2We begin by recalling the basic steps of the
method.
• Some (unspecified) regulator is applied to the
amplitude to allow for the use of an algebraic
identity in the integrand. It will be indicated
by the index Λ over the integration sign.







p2 − 2p · k
(k2 −m2) [(p− k)2 −m2]
, (1)
until the divergent (regularization depen-
dent) integrals do not depend on the external
momentum.
• We can solve the finite (regularization in-
dependent) part and define a subtraction
scheme, for instance absorbing the basic
divergent integrals in the renormalization
constants defined through the counterterms.
This can be done in a mass independent fash-
ion using a scale relation. The latter will be
important in order to display the infrared di-
vergences that stem from the ultraviolet di-
vergent piece of the amplitude, which in turn
will always cancel out with a similar term
coming from the ultraviolet finite part of the
amplitude in all infrared safe models.
In order to give an example of the use of these
steps and show how we can deal with a massless
theory in a particular case, let us consider the fol-
lowing quadratically divergent amplitude, which is







(k2 −m2) [(p− k)2 −m2]
,
(2)
where the limit m2 → 0 will be taken at the end
of the calculation.
In order to separate all the divergences, the iden-





















(p2 − 2p · k)3
(k2 −m2)3 [(p− k)2 −m2]
]
. (3)





d6k/(2π)6. Note that the
first three integrals on the r.h.s. are regulariza-
tion dependent: in the absence of regularization,
the first one is quadratically and the other two,
logarithmically divergent. The latter appears as
a difference between two (logarithmically) diver-
gent integrals, which is regularization dependent.
The other integrals are ultraviolet (UV) finite and
therefore can be evaluated using Feynman parame-
ters, for instance. However in a massless case they
can still be infrared divergent. As we shall show,
the cancellation of the infrared divergences before
taking the limit m2 → 0 relies on a subtle relation
between the UV divergent and UV finite parts.
Let us start by discussing the regularization de-
pendent terms. First of all, we define the basic
















In Implicit regularization, we can live with such
basic divergent integrals without evaluating them
ever: Arbitrary (regularization dependent) num-
bers appear in an explicit evaluation and may con-
taminate the underlying physics by breaking sym-
metries. Moreover the Clifford algebra within im-
plicit regularization can be performed in a neat
fashion which leaves no room for ambiguities. For
the sake of comparison we shall evaluate the di-
vergent integrals within dimensional regularization
(DR) and show how we can parametrize the basic
divergent integrals should we wish to make contact
with an explicit regularization without assigning a
definite value to a regularization dependent param-
eter hidden in an UV divergent amplitude.
The quadratic divergence
In the context of DR, the integral for the am-
plitude Σ, for dimensional reasons, must be multi-
plied by µ2ǫ, where µ is a mass parameter typical of
DR and ǫ = 6−d, d being the dimension of integra-




















3where γE is a constant. Clearly when m
2 → 0, it
vanishes.
Now since the basic logarithmically divergent in-








with b = i/[2(4π)3], we may construct a general
parametrization
Ilog(m






where β is an arbitrary constant and Λ is a
mass parameter introduced for dimensional rea-

























where c and β are arbitrary constants. If we take
c = 0, we eliminate the quadratic dependence on

















The equation above resembles the one obtained in
DR. The limit m2 → 0 is likewise well defined.
The logarithmic divergences
The difference between logarithmic divergent in-























































A comment on this result is in order. In ref. [3]
it was shown that, in order to maintain momen-
tum routing invariance in the amplitudes, some
differences between divergent integrals must van-
ish. This is desirable in theories in which there are
no parity violating objects, like in the present sit-
uation. The vanishing of these differences, which
were called Consistency Relations, preserves au-
tomatically gauge invariance in abelian and non-
abelian gauge theories. In six dimensions, one of
these relations is equation (14). However, although
the Consistency Relations are necessary for mo-
mentum routing invariance, they are not manda-
tory in order to preserve gauge symmetry, as shown
in [4] and [5]. Sometimes is physically required
that these relations are not satisfied. It must be the
case in theories where the γ5 matrix or the Levi-
Civita tensor are present. In this case, momentum
routing invariance may be broken. A more reli-
able result can be obtained by adjusting the Con-
sistency Relations in accordance with some experi-
mental result or some physical argument. This was
first discussed in refs. [4] and [5].
In order to justify this procedure, we make use
again of our alternative regularization. First we
define the most general one-loop basic logarithmi-
















So, the same kind of parametrization can be done:
Iilog(m



















4in which α is a constant to be determined. If we
make α = 1/6 (symmetric integration) and use the
parametrization (18), with β1 = β, we recover the
relation (14), the result of DR. However in a more













= agµν . (20)






2) + 4p2a. (21)
After we have treated the regularization depen-
dent integrals, we proceed to show how the m2
dependence (which can originate infrared diver-
gences) disappears. In order to do that, we have














(p2 − 2p · k)3





















The first integral is cancelled by the first term in
the second integral. To take the limit m2 → 0, we
must note that Ilog(m









λ2 6= 0, so that the final result for the field self
energy, after taking the limit m2 → 0, is given by

















In the equation above we have a regularization de-
pendent term, given by Ilog(λ
2). The cancellation
of the m2 dependence occurred due to the scale
relation (24).
III. THE GENERAL ONE-LOOP
CALCULATION
The calculation above is only a specific exam-
ple of the procedure adopted when applying the
Implicit Regularization procedure to massless the-
ories. We now turn ourselves to a general one-loop
amplitude for a massless theory, using the proce-
dure described above.
In a theory defined in d dimensions with d even,
one will frequently deal with logarithmically ultra-









[(k + pn)2 −m2]
, (26)
where n = w − 1 = d/2− 1. The following expan-















p2i + 2pi · k
(k2 −m2)i+1[(k + pi)2 −m2]
· · ·
1
[(k + pn)2 −m2]
. (28)
The expansion above has been obtained by using
the identity (1) in all factors containing external
momenta pi dependence from i = 1 to i = n − 1.
Each time the identity is applied, we obtain a new
integral Ii that is ultraviolet finite. This is why
we do not use the index Λ in these integrals. Next
we want to show that the limit m2 → 0 is well
defined. Our proof is done in two parts: first we
show that the integrals Ii do not have problems
when the limit m2 → 0 is taken. Then we show
how to handle the m2 dependence in the regular-
ized integral.
We begin the calculation of Ii by using Feyn-
man’s parametrization
1
a1 · · · aαl
=




(1− x1 − · · · − xl−1)
α−1






































pl · ptxn−l+1xn−t+1 −m
2. (31)
















It is clear from the expression above that whenever
the external momenta are such that p2i 6= 0, the
limit m2 → 0 is well defined.






(k2 −m2)n[(k + pn)2 −m2]
, (33)
from which we can separate the appropriate ba-
sic divergence Idlog(m
2) (typical of this dimension)





p2n − 2pn · k











and where we must remember that n = w − 1.
Note that the cutoff mass m2 is present in both
finite and divergent parts. We will now show that,
due to a scale relation, the m2 dependence of the
divergent integral can be extracted and precisely
cancels out the m2 dependence of the finite part.










(k2 −m2)i(k2 − λ2)w−i+1
, (36)














Γ(d/2) . Again, like in the six di-
mensional case, the relation above could be ob-
tained from a particular regularization , but, as
we have seen, the relation is regularization inde-
pendent. On the other hand, the calculation of
the finite part yields:∫
k
p2n − 2pn · k

































where the limitm2 → 0 has been taken. The whole
integral,




becomes then m2 independent. Also, once the sub-
traction scheme is appropriately chosen, the object
Idlog(λ
2) can be subtracted without having to be
explicitly evaluated. The calculation above estab-
lishes a procedure for dealing with massless theo-
ries at one loop order in the context of IR. This pro-
cedure can be straightforwardly adapted to higher
orders when non-overlapping divergencies occur,
as shown in the ref. [8], where the β-function of
the massless Wess-Zumino model was calculated
at three loop order. In that contribution, it was
shown that a n-loop scale relation can be used in
order to appropriately handle the dependence on
the infrared cut-off. We shall now generalize this
procedure for the general case when overlapping di-
vergencies occurs with support in the BPHZ-forest
formula which can be found in any quantum field
theory textbook.
IV. HIGHER ORDER CALCULATIONS
6In the previous sections, we have discussed and
shown how the IR can be consistently applied in
a massless theory at one-loop order. Higher order
calculations present some new problems, such as
overlapping divergences. In this section, we show
how the same method can be used in order to split
a n-loop integral into its regularization dependent
and finite parts. In this process, we use our pro-
cedure in conjunction with well established results
from the BPHZ method [10], [11], [12]. Our aim
is to identify, at each loop order, the divergence of
that order (which are necessary to calculate renor-
malization group coefficients) and the finite part
of a given amplitude.
Notice that any n-loop amplitude which con-
tains subdivergences may be written in terms of
an amplitude of the previous order. For the sake
of simplicity we work with the i-th contribution to
the n-loop self energy of the φ36 theory, specifically




FIG. 1: An example of a n-loop overlapping diagram
sponding momentum-space Feynman integral can








(k2 −m2)[(p+ k)2 −m2]
× Λ
(n−1)
j (k, p), (41)
where the Λ
(n−1)
j is the j-th contribution to the
n−1-loop vertex correction, s is a symmetry factor
and the mass m2 should be set to zero at the end
of the calculation. Our goal is to identify, in this
integral, the finite part and its contribution to the











j is its regularization dependent part
and Λ˜
(n−1)
j is the finite one. So, by excluding
Λ
Λ(n−1)
j of (41), we are subtracting all the sub-
divergences of Σ
(n)
i that are inside Λ
(n−1)
j .
Then, we use the perscription of BPHZ to iden-
tify the subdivergences that were not subtracted
yet. The remaining integrand is then rewritten by
using the identity (1) in order to explicitate the
divergence of n-th order.
We illustrate with the calculation of the φ36 γ-
function at two-loop order. We have two contribu-











2) is the one with a nested subdi-
vergence of fig. (4) and −iΣ
(2)
2 (p
2) is the overlap-
ping one, shown in fig. (2). We begin by explicitly
calculating the latter.
FIG. 2: The 2-loop overlapping self energy
















Equation (40) can be used to express igΛ(1)(k, p)
as





















(1 − x− y)
y(1− y)
[k2(1− 2y) + 2xp · k]



















The diagrams for the counterterms to be added so
as to cancel the subdivergences are given in fig. 3.
If we consider only the finite part of Λ(1)(k, p), we
are automatically adding counterterm (b). We get
−iΣ¯
(2)
2 = A+B, (49)
7(a) (b)





















(k2 −m2)[(p+ k)2 −m2]
J(p, k),
(51)
where the Σ(1)(p2) is the self-energy calculated in
section 2. The A and B terms, after the separation


















2) + B˜, (53)
where the tilde implies the finite part. The calcu-
lation of B by IR involves some subtleties that are
left for the appendix. Up to now we have only sub-
tracted the divergent part of Λ(1), and thus we still
have to subtract the subdivergences corresponding
to the other side of the diagram. The counterterm
that would cancel them out, represented in fig. (3)


























where α = a/b, which comes from the difference
between divergent integrals of section 2. After























The double bar here means the amplitude after the
subdivergences are subtracted. In order to get this
result, just as in the case of 1-loop calculation, the
limitm2 → 0 has been taken. For this to be carried
out, we use the scale relation characteristic of the
order, given by eq. (83) of the appendix. This is
necessary for the calculation of the B, as shown
in the appendix. In general, in a 2w-dimensional
theory, the characteristic basic divergence at the






































i depending on the dimension 2w. Also
relations between logarithmic divergent integrals
proper of the two-loop order are used, which can be
obtained in the same way as in the parametrization
derived for the one loop calculation (see eq. (81)
of the appendix).
Next, the calculation of the diagram with the
nested subdivergence of fig. (4) is straightforward.
FIG. 4: The 2-loop diagram with a nested subdiver-
gence for the φ36 self-energy































2) is the basic logarithmic divergence
of the two-loop order in 6 dimensions, as defined
in eq. (56), and the equation (83) of the appendix
was used in order to cancel out the dependence on

























We now dedicate ourselves to the calculation of
the γ-function. As usual, we define the renormal-
ization constants, Z3 and Zg, so that
φ0 = Z
1/2
3 φ and g0 = Zgg, (60)


















The expansion in terms of the coupling constant,
g, is given by




Zg = 1 + ρ1g
2 + ρ2g
4 +O(g6). (63)




































































with β1 the coefficient of g
3 in the β-function, de-
fined as
























































In the results above we must notice that the β1
and the g2 contribuction to the γ-function are well
known results. The g4 coefficient is dependent
of the subtraction scheme. The finite constant α
came from the difference between logarithmic di-
vergent integrals, which in the case of a renormaliz-
able scalar field theory, has only the role of defining
a subtraction scheme.
V. CONCLUDING COMMENTS
In the present work we have shown that the IR
can be naturally extended to treat infrared safe but
ultraviolent divergent massless theories at n-loops.
We have derived and used scale relations for the
divergent integrals so as to cancel out the infrared
cutoff and simultaneously introduce the renormal-
ization group parameter of the method. It is illus-
trated in the context of the φ36 theory. A procedure
is established for performing this cancellation in
a general one-loop logarithmic divergent integral.
Also the higher loop calculations are treated and
9an example of a two-loop overlapping divergence is
carried out.
IR is a procedure that permits us to split the
original divergent amplitude in two parts: one that
is regularization independent and another one that
is composed by basic regularization dependent ob-
jects, typical of the order of the calculation. The
regularization dependent part usually contains fi-
nite differences between integrals with the same
degree of divergence. Dimensional Regularization
is an example of method that evaluates such dif-
ferences to zero. We have shown that, by using
an appropriate parametrization, these differences
that would be fixed by the regularization method
can be made arbitrary and, then, be left to be de-
termined by some desirable physical result. This
approach is in accordance with the point of view
defended by Jackiw in the paper [1]. An example
of desirable physical result is the requirement of
respecting gauge invariance. This can be solved,
in anomaly free amplitudes, by setting these con-
stants to zero (constrained implicit regularization),
although it is not the unique possibility, as shown
in [4] and [5].
Nevertheless, when we deal with amplitudes that
contain mathematical objects like the γ5 matrix
and the Lev`i-Civita tensor, as in the case of su-
persymmetric, chiral and topological field theories,
it is desirable to chose a technique defined in the
proper dimension of the theory. Besides, in such
theories, the possibility of anomalies turns impor-
tant the freedom of choice of the arbitrary con-
stants that come from the cancellation of ultravi-
olet divergences. By choosing appropriately their
values, one can force, for instance, the satisfac-
tion of the vector Ward Identity or the axial Ward
Identity in the AVV triangle, according to the phe-
nomenological process to be described [5].
VI. APPENDIX
We now turn ourselves to the details of the cal-
culation of the B part of the two-loop overlapping






















[k2(1− 2y) + 2xp · k]
[(k + p′)2 −m′2]
.
First of all, let us note that we have a quadratic
divergence. Also the k2 term in the numerator-
could be cancelled with the denominator, but it
will be simpler if we take the form of J before the






k2 − 2k · l
k2(k + p)2l4(l + p)2(l − k)2
, (76)
where we have omitted the m2 in order to simplify.
Now we can split the integral in two and cancel the
k2 in the first one. Then we have
B = B1 +B2, (77)
with B1 being the part in which we have canceled
k2. So, after a convenient inversion in the order of


























































In the equation above, the term with Iquad(m
2)
vanishes, as discussed in section 2. The remaining























p2 − 2p · l
(l2 −m2)2
+
(p2 − 2p · l)2
(l2 −m2)3
−
(p2 − 2p · l)3





















+ finite terms, (79)
where we have used the notation of paper [8] for
10









































and the infrared cutoffm2 has been introduced also
in the logarithm. In the same way that the one-
loop quadratic divergence vanishes for m2 → 0,




2). The dimensional integration






























This can also be seen if a suitable parametriza-
tion is used, like in section 2. Also in section 2
a relation between logarithmic divergent integrals
has been used. It is a relation respected by DR
and that is required in gauge theories to preserve
gauge invariance as well as routing invariance. We






















where α is arbitrary. This is respected by DR
and can be obtained by a suitable parametriza-
tion. In this parametrization the finite constant is
arbitrary, just like in the one-loop case. So, the
typical two-loop divergences are canceled out and









2) were not canceled we would have
to use a scale relation in order to take out the de-
pendence of m2 before it is set to zero. This scale
relation, that was used in the calculation of the di-


























Scale relations of this kind, up to the three-loop
order, were used in paper [8]. The calculation of





(1 − x− y)
y(1− y)∫ Λ
k
(k2y − p · kx)
(k2 −m2)[(k + p)2 −m2][(k + p′)2 −m′2]
,











2) + finite part. (85)
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